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Abstract -

The samples with vwhich we dcal in practice arc radier small. seldom excccding 80 observations and fregnently
rnticli smaller. 'Finis, it is of gréai interest lo inquire into the properties ofeslimnlors for (lie lypical samplc sizes
encouiUcrcd in practice. The performances of Ihrce simullancous estimation metliods using a niodcl consisling
of a mixture of an idcntilied and over identilied équations with correlated error ternis are conipared. The resulls
of the Monte Carlo study revealcd thai the Two Stage least Squares (2SLS) and the Limited Information
Masimdm Likclihood (LIME) estimates are similar and in most cases idemical in respect of the just-identified
équation. The Total Absolule Biases (TAU) of 2SLS and LIML revealcd asymptotic behavior imdcr (upper
triangular matrix). Pt, ivhilc those of Ordinary Lcast Squares (OLS) exhibited no such behavior. For bolh upper
and lowcr triangular matrices (P, and P2), 2SI.S estimétes showed asymptotic behavior in the middle interval.
The OL.S is the only stable estimator with a stable behavior of Root Meau Square Error (RM3F.) as ils estiméates

inercase (dccrcase) consistently for CLjuation | (équation 2) for P, (for P2).

Kcywords: Monte Carlo, Identification, Mutual Corr.dation, Estimator, Kandom Dcvialcs.

11 Introduction

Fxperience has shown tliat wvhile large
suniple properties of cstinuitors can be eslablishcd,
small ample prolicrtic; lypically cannot The resulls
of the anulytical method in the finile-sample area are
invariably very complcx and exccedingly diftlcull lo
inlerpret which pose a major pmblem.

Il is freqnently the case tliat comparative
conclusions can be drawn from lhe resulls only by
laking sleps which elTectively destroy their
gcneralily, for example, by substituting unknown
parameters with spécifie values. This is onc of the
rcasons why the experimental approach has proved to
be a more fruitful method of obtaining linite-sample
resulls. though the analytical approach has reeently
progresscd al a remarkable raie. The alternative
experimental approach to the analytical approach is
used in this work and is presenled in the following
section. It is also of interest Lo détermine whether
OLS in small samples is sulTiciently inl'erior to
simultaneous équation techniques as to warrant ils
complété exclusion from serions considération as an
estimation procedure for structural parameters.

A detailcd survey and review of t'mite-
samplc analytical work is given by Basmann [2].
Mariano and McDonald [of considercd the 2SI.S and
LIML estimators in the just idcntilied case, wvhile
loily and Phillips [4] used an asymptotic expansion
to upproximnre Ih<i distribution of the 2SI.S
estimator. Reeently, the "typical” spcciiication ol
serial independence of the errors in simultaneous
équations modcls lias been extendod to include the
possibilily of auto correlated errors. The présence of

autocorrélation in the structural disturbances leaves
unchanged the ranking of the System estimators
estublished tmder textbook assumpLions, and appears
tu héave liltle el'fect on theii Lias Cragg 13f. Most
studies on simultaneous équation models are based
on exactly identifiée! équations; however, in real life
situations most simultaneous équation models are a
mixture of exactly identified and over identilied
équations Adcjumobi [1J. Olubusoye [7] examined a
problem using ajust identified two-equalion model.

2.0 Simulation Procedure

In  economelrics, wvhile  asymptotic
properties of estimators obtained by using varions
eeonometric techniques aie deduced from postulates,
small sample properties of sueh estimators have
always been studied from simulaicd data using an
analytical approach known as Monte Carlo studies.
Monte Carlo metliods constitute a faseinaling,
exacling and olkn indispensable cruft witli a range of
applications tliat is already very wide yct far from
lully explored. The Monte Carlo method provides
licuristic solutions lo a varicty of mathematical
problcms by performing statistieal sampling
experiments on a computer. Monte Carlo approach is
a useful tool in dealing with the problems of
mullicollinearity, non sphcrical disturbances and
measurcmenl errors which arc problems associated
with (lie data vtc dcal wvitli in practice. Furthermore,
il is impossible lo obtain real world samples in which
the exogenous variables are held constant, hence ive
arc forced to use artificial models and generate
through Chem, artificial data.
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Consider a two-equalion structural model;
Yu =f}nYv+ yuX[rvUu
/\:/\_l\+/\21+/\3’+/\_
wherec the V's, X’s are llic cndogcnous and the predetermined variables respcctivcly. U’s are tlic random

disturbance tenus and the (3’sand y 's are the parameters.
The model (2.0) ean bc wrilten as

Yu-Pj\=Y X A

- PV u Yy, TBX, - Y, X » HXO*F,
llenee,

1 -p;\y: U O O‘Xiif‘/,,
re, 1\r*- .0 Yn Yn._K_ I

Therefore. the reduced form model is

By =TX +U
y=B'rx+B~"'u
=nx +v,
wlien;
il =-B'1
r<« PvYn P»Y1l
"-PnfiAPrY,, Yn Y»
B'rx I Y, PuYn P nY»
*-AA PrXn Yn Yn
= L \YitX» +P vYIIXi, *-PnYnX»
P JI Pr.YnX,+YZX,6 +Y»X»
But.
V=B"U
1 PiXM
"-P,Pn A 1
Hcence,
vVr7 Y, {7 y VARTRE G o
P, P » ®* ".P«PuX * 2 iy (VA
2.1
r r P, 1
y . . o
PP, X PUPNUU A
...(22)
The reduced form of équations (2.1) and (2.2) are
Yy.=N ,X d@&n X ,*n X .*vV, 23
Yy -n X, *n X o, *n A trr (24)
We wish to study the comparative performance of UMI.) in the context of the above two-equation

OLS limitcd information techniques (2SL.S and model.
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As mcntioncd earlier, this work uses Monte Carlo (iii) Relatively highly posilively correlated
approach. The sequencc of vectois
{(Xl,a2(A’,,):t=1,2..T} was generated. The The error terras lo
random sériés were obtaincd through a standard distributed as N (0, E), where E is non-singular. it
“randoin .

mtumber générator™ computer program usini> can be shown Huit and can be
values Iront Unilorm (0. 1) distribution by Kmenta dccomposed by a non-singularP, into P, and
(1\/71 ). Sinee the_ error ternis arc to lie _N (0,0) and P] sucli Ihat:
intertemporully independent, \ve obtaincd trom a
standard computer  program, iwo  mutually o-=i\p;
independent Since M independent sériés of standard normal
N(ii,I)scquences {(*1( t'2A):t = 1,2....T\ These déviates of length T can be transfomied into M séries

standardized normal devintes are then screened pair -
wise into three categories of;

(il Relatively higltly negatively correlated
-0.05)
00 Foebly negatively or positivcly

QUfelated (—0.05 < r{ <+0.05)

£i= <i
- az
where var(»,) = cr,, anJvar(w,) = cr,2 COV CT,
Sinee
Q=/X. (25)
where
Pi = ot (2.6)
0

Focusing on the uppet triangular matrix

Su Si2 sy © AL Cm2 |
« =ZWr= N |
)__ ° el sz o
or
Su+S? =a, (1)
SiiS2 = o-,, (2
S25)2 =crl2 ()
2= G2 @)
From (4) 821~ yan (5)
From (5) and (2) S)2" Cmisa

From (1) and (6) S||~ir/6[]-5?, @)
Henee tlie pair of random disturbances is obtaincd as follows

+ ,=\2 ot (2.7
un s 2 |
An alternative solution is obtaincd by usina. the lower triangular matrix,
ie. o= i\ p, .
Sipi 0
where P, =

sP s2i.
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ofrandom normal variables wilh zéro means and
predelermincd covariance matrix, and here M -2, it
we lot the prédéterminée! covariance matrix be
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and going lhrough llie above procedure, wc ublaincd a new pair of random disturbances;

=S,,su
">»=S\2Cu+Sas,,

1=12..T

(2.8)

At this stage, the procedures for deriving ail the component parts of équations (2.1) and (2.2) which are used in

generating stochastic endogenous variables are in place.

Assigning spécifie values k>tlic structural paramelers and the variancc-co variance matrix

and
5.0 2.5
f2= 1-
r 25 3.0_
snch that.
1 _Pu | '15
A . 1 r - 15 1 J
and
YW 0 0 1.2 0 O

0 yn yyi 0 05 20

and lhe reduced forai of the System is

Y=B'ly x +B"'U

Sincc ail the quanlities in the right-hand are known,
thevcctors |( V,,._Y,, )/ =1 , 2 . caneasily
bc generated. The data at our disposai

{(>’,*.V,,, xu,xv ,x3):/ =1,2,..., 7% have been

generated willi fixed parameter values and error
ternis that are ‘intertemporally independenl’ and

distribulcd as A*(0, Z) , the matrix X being known.
The next step in utilizing cach data sel oblained for

, = 1-2,y2=0.5andy,, = 2.0

Iheii llie équation winch is used ni generating i s
becomes
Y=
A
KT (1 -15y n.2 o Oj
bj,1=(- 18 1 {0 05 20 2

3.0 Computations

Computations were carried oui using the Time. Sériés
Processor (TSP 5.0), an economelric soft wvare
package.

In this study, three saniple sizes N=15. 25 .
and 40 wero used cach replicaled 50 limes. Aller
estimating the paramelers, the robustness of each
estimator lo the inadvertcnl corrélation of the
stochaslic tenus was examined using; average of
estimates, absolule bias of estimates, root mean

cacli snmple size and réplication is the computation Square error aAnd sum of squared rcsiduals of
of the estimates of the structural paraineters B and parameter estimates.
Busing OLS, 2SLS and LIML.
Table,L 0 ___ Siimmary of E.vimators using Average R=50. ?!
Estimator l.cvcl of EQI
corrélation /3.0.5i A (12)
N=15 N=25 N=*40 N~15 N=25 N=40
OLS K-0.05 1.067074 1.070771 1.063577 -0.40953 -0.50417 -0.56386
-0.05<r<0.05 1.033484 1.042028 1.046355 -0.49904 -0.5344 1 -0.50779
r>0.05 1.013901 1.02698 1.030384 -0.604 13 -0.57562 -0.58862
2SL.S r--0.05 1.083419 1.296365 1.135163 -0.47362 0.029132 0.230474
-0.05<re0.05 1.097185 1.355851 1.43023 -0.49016 0.159154 0.302414
r>0.05 1.134754 1.229802 1.271803 -0.32936 -0.19936 -0.12357
LIML. rc-0.05 1.263064 1.636993 1.540406 -0.07542 1.132359 0.427006
-0.05<r<0.05 1.113944 1.012208 1.75393 -0.53225 -0.64484 1.017768
r-0.05 1.23596 1.623244 1.437296 -0.09066 0.696813 0.200169
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,Average R -50. P| (continuée!)
Level of E02 T
Eslimator corrélation
/L,<u> rj2
N=15 N=25 N=40 N-15 N-25 N=40 N< NS5 E |
OLS r<-0.05 0.895693 0.901 183 0.897693 -0.00314 0.080167 0.136797 0.50835 043516
0.93639 0.935993 0.92698 0.032062 -0.01435 -0.00525 0.61272 0624402
0.05<r<0.05 t
r>0.05 0.948343 0961693 0.94834  0.059402 -0.00299 0.261901 0.638427 073 it
2SLS r<-0.05 0.913757 1.044426 1.050831 0.108649 -0.01293 0.453827 0.438724 1037
0.93599  0.86421 0.92209  0.07961 0.265288 0.006369 0.511544 023682
0.05<r<0.05
r>0.U5 0.9748 Us10944  1.i'2i05 -0.36368 +0.07012 0 328487 1.182266 O0.772(* 1
LIML r<-0.05 0.913757 1.044278 1.050831 0.109169 -0.01293 0.453227 0.438724 103477
0.93593 0.86381 0.92209 0.079712 0.206248 0.006367 0.570557 0.2363%
0.05<r<0.05
r>0.05 1.0TTI39 'T).965944 | oistT  -0J887T- -0.07042 0.328487 1.381739 0.7723131
lahlc 2.U -50. P2
Eslimator Level of EQL
corrélation A
< Y,(2
N=15 N-25 N=40 N=15 N=25 N=40
oLS r<-0.05 0.992898 1.007177 1.005596 -0.58899 -0.65394 -0.61268
-0 05<r<0.05 1.03872 1.043855 1,046446 -0.50066 -0.53163 -0.57261
r>0.05 1.0644 1.071153 1.077282 -0.45167 -0.50358 -0.47483
2SLS r<-0.05 1.138784 1.247508 1.380428 -0.39606 -0.12576 0.196838
-0.05<r<0.05 1.091362 1.272043 1.405338 -0.42857 -0.08312 0.210843
r>0.05 1.248948 1.48 1571 1.433504 -0.04207 0.460571 0.307667
1.IML r<-0.05 1.240382 1.605545 1.452427 -0.21405 0.783268 0.328469
-0.05<i-'0.05 0.698358 1.41948 1.667311 -1.48012 0.300124 0.789001
r>0.05 1.314913 1.597906 1.628.381 -0.15225 0.74354 0.860413
Table 2.0 Summary of Estimatois usine Average 11=50, P2(continuée!)
Level of rQ2
P.sliinator corrélation
A 118 Y 2(05)
* ] r. '5 N~ 10 M 1S N-25 N=40 N 15 N-25 |
OoLS rc-0.05 0.96792  0.96679 0.919973 0.07633 0.071831 0.137499 0.69.1704 U7U7
0.936266 0.938178 0.923779 0.0623i1 0.011683 0.131808 0.606942 0672% t
0.05<r<0.05
r>0.05 0.907646 ' 0.91977 0.913413 -0.02132 -0.04718 0.10778 0.571083 066334) -
2SLS r<-0.05 1.042884 1.090812 0.950122 0.046108 0.385726 0.074536 0.960521 0.89%5 *
0.995573 0.765274 1.009423 -0.08116 -006946 0.078527 1.614764 026358) 1
0.05<r<0.05
>0.05 1.14819 0870026 0.903442 0.142534 -0.22502 0.164284 1.018524 065160 !
LIML r<-0.05 1.042999 1.090812 0.94256 0.040113 0.385726 0.074535 0.960521 0829887 1
1.179751 0.765274 1.009423 -0.081 16 -0.06948 0.078527 1.614764 026317jf
0.05<r<0,05
r>0.05 1.14837 0.870026 0.903442 0.142534 -0.22502 0.164284 1.018164 0.651f>.i
Level of OoLS 2SLS LIML
corrélation N -15 N-25 N=40 N N=25 N=40 N=15 N=25
K<-0.05 4.941557 4961 139 5.058924  4.929073 3.610526 3.2201.35  4.350709 2a: of
-0.05<r<0.05 4.88493 4946335 4.946682 4.865835  4.118974 3.748477 4.832112 5
r>0.05 4944047 4.836939 4.936597  4.40622 4.301533 3.962273 3.848532 3258402 !
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Table 4.0 Summary of Total Absolule B-hs R-50, P;

Lecvcl ol OLS 2SLS
corrélation N=15 N=25 N=40 N- 15 N=25 N=40 N; 15
R<-0.05 4.858138 4.907023 5.050227  4.207758 3.50183 3.837962 4.230036
-0.05<r<0.05 4.856425 4.864958 4991839  3.808026 4.851684 3.506159 5.068027
r>0.05 4.920852 4.896483 4.914466 3.48387 3.761242 3.839642 3.528268
iu"t  » CUIIIHI VM -MIIICIOMI WOV IMIU Liu v 11
Estimator Level ol’ EQI
corrélation
r
N=15 N=25 N=40 N=15 N=25
OoLS r<-0.05 0.436156 0.431532 0.437016 1.62725 1.717513
-0.05<r<0.05 0.467685 0.458839 0.454077 1.712024 1.742782
r>0.05 0.491549 0.47391 0.469965 1.8375 1.78329
2SL.S r<-0.05 0.809737 0.342553 0.546158 2.432383 1.397053
-0.05<r<0.05 0.60476 0.584134 0.478114 1.981421 1.89306
r>0.05 0.601253 0.609297 0.471323 1.944759 2.068539
U Ml. r<-0.05 1.289207 2.257132 1.21125 3.55687.3 7.0543
-0.05<r<0.05 1.363863 3.018664 1.82203 4.056048 7.426581
r>0.05 1.517892 1.770641 1.08149 3.985818 4.528709
Table 5.0 iniT.man <F-iim.i'it.u- TR -a Mean S [tiarc Cri mi' 50, P < irilinued)
Level of EQ2
Estimator  corrélation
A 18> ) 2205
N 15 N =25 N=40 N=15 N=25 N=40 N=15
OLS i-.--0.05 0.905521  0.89962 0902529 0.701269 0.547223 0.433591 1.576979
0.863759 0.864116 0.873127 0.622535 1.606007 0.560126 1.462256
0.05<r<0.05
r>0.05 0.857112 0.838529 0.85181  0.584447 0.577407 0.326965 1.484068
2SLS r<-0.05 1132223 0953103 0.996496  1.260255 1.249345 1043329 2.726721
1.011447 1500281 1.071224 1.316546 1573114 0,8141 2.612439
0.05<r<0.05
r>0.05 1.299193 1.048964 0.961267  2.43981 1.127184  1.235409 4.393985
LIML r<-0.05 1.132223  0.95321  0.996496 1.260009 1.249345 1.043022 2.726721
1.01154 150064  1.071224 1.316484 157258 0.814102 2.578634
0.05<r<0.05
r>0.05 1.2449 1.048964 0.962872 2.453764 1.127184 1.235409 4.048931
Table 6.0 Summary of Estimatois usina Rool Mcan Square Error R=50. P,
Lstimalor Level of F.Q1
corrélation
TV 12
N=15 N=25 N=40 N=15 N=25
OLS r<-0.05 0.510122 0.494626 0.501262 1.81861 1.862027
-0.05 r'0.05 0.46242 0.456944 0.454163 1.714671 1.738476
r>0 05 0.440366 0.430319 0.423331 1.667882 1.710873
2SLS r<-0.05 0.605268 0.660274 0.74 1436 2.121374 2.186771
-0.05<r<0.05 1.218544  0.61113 0473233 3.62371 1 2.063201
r>0.05 0,57849 | 0.518955 0.375886 1.814418 1.600259
LIML r<-0.05 1.692143 1.13838 1.242624 5.138109 3.392945
-0.05--r<0.05 3.508064 1.625238 1.057219 8.9864 73 4.460552
r>0.05 3.04652.3 0936647 0.778139 7.653294 2.389923

L.IML.
N=25

2.445852
4.321039
3.55775

N=40
1.766868
1.710205
1.791164
1.632861
1.422934
1.641591
3.240905
4.09952
2.666646

TV 20
N—25
1.542993
1.436591

1.279606
2.178451
3.512402

2.256035
2.178451
3.512839

2.256035

N=40
1.81824
1.776118
1.678407
2.136287
1.468571
1.265556
3.304945
2.399121
2.186194

N=40
3.641911
.3.000559
3.348781

N=40
1.611507
1.428301

1.60844
2.013747
2.196302

1.870449
2.013755
2.196302

1.870449
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Lcvel of
Estimalor corrélation
N=15 N=25
oLS r<-0.0S 0.83282  0.83376
0 9
0.86398 0.86190
0.05<r<0.0 2
5
100.05 0.89440  0.88042
5 6
2SLS r<-0.05 1.02616  1.40674
3 2
1.20018 1.74416
0.05<r<0.0 2 4
5
r>0.05 1.70218  1.16356
7 5
LIML r<-0.05 1.026 11 1.40674
J 2
1.60705 1.74416
0.05<r<0.0 4
5
r>0,05 1.70207 1.16356
5
Estimator Levai of
corrélation
N -15
Ol.S 1--0.05 8.519252
I B-1
0.05<r<0.05
r>0.05 7.976691
2SLS r<-0.05 52.23134
28.26443
0.05<r<0.05
r>0.05 37.30773
LIML K-0.05 158.917
191.4413
0.05<r<0.05
r>0.05 300.5057
Estimator Leve! of
corrélation
N=15
OLS r<-0.05 8.138315
-0.05<r<0.05 7.629978
r>0.05 8.45091
2SLS r<-0.05 31.65482
-0 05<r<0.05 146.3053
r>0.05 46.27148
LIML r<-0.05 263.5214
-0.05<r<0.05 1282.805
1 ntit 1170 "M

EQ2
y (0.5)

N=*40 N=15 N=25 N=40
0.89944  0.63700 0.57612 0.45927
2 5 8
0.87636 ' 0.57803 0.571873 0.41896
| 8
0.88670 0.64;227 0.606852 0.43506
1 9
1.08578  1.14888 1.988452 1.08862
9 5 2
1.00957 2.40154 2.944427 1.16725
6 8 8
1.05841  1.77949 1.352837  0.67350
1 7 1
1.09448 155008 1988452 1.08862
4 2
1.00957 2.40154  2.944436 1.16725
6 8 8
1.05841  1.77949 1.352837  0.67350
1 7 1

>yIX -/V,

EQ!

N=25 N=40 N=15
14.19056 22.9875 5.652294
1j 41T 42.010..., j
11.86255 19.50978 5.506655
31.7618 129.0425 53.20173
89.056 134.4355 34.25902
81.22743 96.78534 98.89281
864.1592 464.3107 53.20173
1699.326 1124.543 34.25903
763.9346 470.4372 98.89281

EQL
N=25 N -40 N* 15
14.0019 21.92372 5.932354

13.73108 21 76534 5.294499

11.76171 19.15493 5.629083

83.26091 203.0776 53.74694

79.31666 124.7349 259.9118

100.0351 111.693\ 331.2791
272.0442 18856.09 53.74694
508.3275 461.4283 259.9118

Sno(ifl 7o AR L

L

N--15
1.373695

1.442819

1514568

2.539541

5.618237

3.294118

2.539541

5.618237

3.294261

EQ2

N=25
9.582751
>.039257

7.679018
69.03816
287.9793

95.32503
69.03816
287.9793

95.32503

EQ2

N=25
9.971365
9.180186
7.617836
257.6! 17
388.9549
120.0217
257.6117
388.9549
PO 0?7 17
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rdJm

N=25
1354464

1.360709

1362601

2.840852

2.997798

2.153446

2.840852

2.997809

2.153446

N=40
16.77818
15.69331

14.58404
160.5889
1358645

122.4366
160.5889
1358645

122 4366

N=40
16.92984
16.11784
13.30717
150.7368
14X6921
130.6516
150.7361
148.6/2!

NL

153
1

135
6
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4.0 Rcsulis
Tables 1-8 summarize llie relative performance of
thrcc estirnators nsing average, total absolute bias
(TAB). mot mean square error (RMSL), and sum ot
squared rcsiduals (RSS) of parameler estimétes.
Tables 1-2 reveal thai the paramelers of the over-
idenlificd équation arc undcr-estimalcd in 93 percent
of the cases wvhile thosc of the just- identilied
équation arc undcr-estimalcd in 98 percent of the
cases at the saine level for triangular matrices, upper
("',) and lowver (P2). For tables 3-4, the estimates of
2SLS decreased asymptolically for P,. Tables 5-6
show (liat. 01,S is the only estimator witli stable
behavior of RMSE as corrélation changes through
the threc critical Icvels ie. RMSE incrcases
(decreases) consislcntly for équation | (équation 2)
lbrP, (for P,).
5.0 Conclusions
Findings on ‘'best’ estimétes show that the threc
eslimators vary in tlteir relative performance in
estimating the parameters of the model depencling on
the idcntifiabilky status of the équation, the
corrélation status of the error terni and the assumed
triangular matrix (P, or Pj). Therc is evidence to
suggest that therc is a greater scope for estimating the
just identilied équation at the three ranges of the
corrélation coefficient. Aise the OLS appears to be
best for estimating the over-identified équation wilh
ncgativcly corrclated errors using P, and with
positively eorrelated errors using P2
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