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ABSTRACT

This paper is devoted to counting distinct fuzzy subgroups (DFS) of finite dihedral group Dzn,
where n is a product of finite number of distinct primes, with respect to the equivalence
relation = . This counting has connections with familiar integer sequence called ordered Bell
numbers. Furthermore, a recurrence relation and generating function was derived for counting
DFS of Dan.
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ABSTRAK

Dalam makalah ini dibincangkan tentang pembilangan subkumpulan kabur yang berbeza bagi
kumpulan dwihedron Dz, yang n adalah hasil darab terhingga nombor-nombor perdana yang
berbeza, bagi hubungan kesetaraan ~ . Pembilangan ini berkaitan dengan jujukan integer yang
dikenali sebagai nombor Bell bertertib. Tambahan lagi, suatu hubungan jadi semula dan fungsi
penjanaan diperoleh untuk membilang subkumpulan kabur berbeza bagi Dzn.

Kata kunci: kumpulan dwihedron; hubungan kesetaraan; subkumpulan kabur; nombor Bell;
fungsi penjanaan

1. Introduction

Counting distinct fuzzy subgroups (DFS) of finite dihedral groups is a fundamental
combinatorics problem. Research had focused on counting DFS of finite dihedral groups with
respect to the equivalence relation =, see Tarnauceanu (2016). However, literature on DFS of
dihedral groups D2, (where n is a product of finite number of distinct primes) is scarce. This
research, was therefore designed to establish a recurrence relation and a generating function
for counting DFS of D2, with respect to the equivalence relation = .

The equivalence relation = used in our counting is preferred to other equivalence relation
as its yields fewer numbers of DFS of dihedral groups D2, and its definition involves more
group theoretical properties compared to other equivalence relation known in literature. For
classification of fuzzy subgroups using other equivalence relations, see Tarnauceanu (2012),
Murali and Makamba (2001; 2003). It is clear from Tarnauceanu (2016), that the formula
obtained for counting the number of DFS of finite groups with respect to =~ involves many
concepts namely; order of automorphism group, automorphism group structure, group
actions, subgroup lattices and Burnside’s Lemma. This technique is very numerous, therefore,
a bijective correspondence was established between DFS of D, and the number of chains
subgroups which ends in D.,, fixed by a certain element of automorphism group of dihedral
group Aut(D2n). This number of chains of subgroups which ends in D.n, and fixed by a certain
element of Aut(D2,) forms patterns that has relationship with a familiar integer sequence
called ordered Bell number. Finally, we derive a recurrence relation and generating function
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for counting DFS of Dz, which generalizes the result obtained by Olayiwola and Isyaku
(2018).

The paper is divided into five sections. Section one gives the literature and introduces the
problem statement as above. In section two, we give some preliminary definitions and in
section three we give an overview of the new equivalence relation ~ as introduced in
Tarnauceanu (2016). In section four we derive a recurrence relation and generating function
for counting DFS of D2n. Finally, the last section gives the conclusion and a summary of our
results.

2. Preliminaries

Given an arbitrary non empty set X, a fuzzy set (on X) is a function from X to the unit interval
I:[0,1]. That is

9 X—|

Let G be a group and F(G) be collection of all fuzzy subsets of G. An element ¢ of F(G) is
said to be a fuzzy subgroup of G if it satisfies the following two conditions:

o oky)=min{p(x).p(y)}.vxy € G.
. p(x) > p(x),vx € G. In this situation we have p(x) = ¢(x), for any x € G, and ¢(e) =

max{p(G)} = sup{p(G)}-

The set FL(G) which consist of all fuzzy subgroups of G forms a lattice with respect to the
usual ordering of fuzzy set inclusion called fuzzy subgroup lattice, see Tarnauceanu (2012).
For any a € [0,1] the level subset is defined by

pa={X € G| p(X) > a}.

Thus, a fuzzy subset ¢ is a fuzzy subgroup of G if and only if its level subsets are subgroups
of G.

Let Q be an arbitrary non empty set and G be a group. An action or operator p of G on Q
is amap Q x G — Q satisfying the following axioms.

. p(@,21,92) = p(p(®,g1),92),V01,02 € G and w € Q;
. plw,e) =w,Vo € Q.

Group actions generalize group multiplication. If G acts or operates on Q so does any
subgroup of G. Q is called a G-set. Notice that it is not necessary for Q to be related to G in
any way. However, group actions are more interesting if the set Q is somehow related to the
group G.

It is well known from literature that, every group action p of G induces an equivalence
relation R, on Q defined by wR,v if and only if 3 g € G such that v = p(w,g). The quotient set
with respect to action p, is called the orbits of Q. Let

Fixa(g) = {w € Q| p(w.g) = v}

be the set of elements of Q that are fixed by g. If both G and Q are finite, then the number of
distinct orbits of Q relative to p is given by;
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1 .
N =—-> | Fix,(9)|
|G geG

known as Burnside’s Lemma. This results has been applied by Tarnauceanu (2016) for
counting the number of distinct fuzzy subgroups of some finite groups G.

3. Overview of the New Equivalence Relation on FL(G)
Let G be a finite group, then the action of Aut(G) on FL(G) is given by

p : FL(G) x Aut(G) — FL(G),

where p(u, f) = pf, is well defined for every p € FL(G) and f € Aut(G).
This action induces an equivalence relation on FL(G). Since every fuzzy subgroup of G
determines a chain of subgroups of G which ends in G, then this action can be seen in terms

of chains of subgroups of G. Let C be the set of chains of subgroups of G terminated at G,

then the previous action of Aut(G) on FL(G) can be seen as action of Aut(G) on C and the
previous equivalence relation is seen as equivalence relation induced by this action. An

equivalence relation is then defined on C inthe following manner: For two chains,

Ci:HicH;c---cHnw=Gand C;: Kic K;c --- cKy=G

of C , We set

Ci~C; < m=nand 3f e Aut(G) such that f(H)) = K; vi=1,2,--- ,n.

The orbit of a chain C € C is now given by { f(C) | f € Aut(G)}, and the set of all chains C

that are fixed by an automorphism f of G is Fixc(f) = {C € (_3|f(C) = C}. From Burnside’s
Lemma, the number N of distinct fuzzy subgroups of G is given by

1 :
—_— | Fix. (f)].
| Aut(G)| feg@ ¢

We remark that the formula above can be used to calculate the number N of DFS of any finite
group provided the Lattice subgroup L(G) and the automorphism group Aut(G) of the group
are known. For details on the new equivalence relation and the formula see Tarnauceanu
(2016).

4. Distinct Fuzzy Subgroups of D,
In this section, we establish a bijective correspondence between the number of DFS of D2,and
the number of chains of sets subgroups fixed by a particular element fa’ﬁ e Aut(D,,).

Furthermore, we derive a recurrence relation and generating function for counting DFS of
D2n. However, we begin by giving some properties of dihedral groups that are well known
from literature.
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4.1. Properties of dihedral groups
Dihedral group D2, of order 2n with generators a,b for n > 2 has presentation given by

D,, = <a,b |a" =b?=1bab™ = a‘l>

From Tarnauceanu (2016), the automorphism group of D2, is also well studied and is given by

AWt(D,,) ={f, , | =0,n-1 p=0,n-1f

where 0,n—1 are integers from 0 to n-1.

f D,, »D,,

a,p :

is defined by f,,(@)=a" and f, (ab)=a“"b,Vi=0n-1. The order of

automorphism group of Do, is given by; for n > 2, |Aut(D2n)| = |ng(n)|. The structure of the
subgroup lattice L(D2n) of D2 is also known: for every divisor r or n, D2, possesses a subgroup

isomorphic to Z,, namely H; =<a" > and 2 subgroups isomorphic to Dy, given by
f,,@)=a"H/ =<a”",a‘*1b>,i =12,---,2. . Now for each f, , € Aut(D,,), let Fix(f.s)
be the set consisting of all subgroups of D., that are invariant relative to f, 4, that is

Fix(f.5) = {H < Danlfos(H) = H}

A subgroup of type H, belongs to Fix(f.s) if and only if (a,r) = 1, while a subgroup of type
H/ belongs to Fix(f.z) if and only if (o) = 1 and® divides (¢ — 1)(i — 1) + B. Now
computing |Fixcf. | implies counting the number of chains of L(D2,) which ends in D2,and are
contained in the set Fix(f,p).

4.2. Recurrence relation for counting DFS of D2,

In establishing a bijective correspondence we consider many cases and apply the above
properties.

4.2.1. Case where n is a prime number p

Observe that for any dihedral group Doy, there exists an element f,0 € Aut(Dyp) such that,
Fix(f,,) ={H,, HJ, H?, H.}, and [Fixc(f20)| = 6.

However, 6 corresponds to the number of DFS of Dy,. This shows that there is a bijective
correspondence between the number of DFS of Dy, and |Fixc(f20)|. It also shows that the
number of DFS of Dy is invariant with respect to the choice prime number.
We illustrate this case by using the following example;

Let p = 3, that is D2x3 = Ds. We proceed as follows. Aut(De)= {f10,f1.1,f1.2,f20,f2.1,f22} . The
sets of subgroups invariant with respect to each element of Aut(D-p) are
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Table 1: Subgroups fixed by Aut(Ds)

a B Fix(f. )
1 o {All lattice subgroups of D6}
1 1.2 {H;, H H}

2 0 {H;,HS H H] H

2 1 {Hg Hg HL HY

2 2 {H, Hy H; HY

The following values are then obtained from the chains of subgroups fixed by each elements
of the automorphism group:

. | Fix.(f,,)|=10
. | Fix.(f,) |9 Fix.(f,) =4
| Fix, (f,,) || Fix.(f,,) |9 Fix.(f,,)|=6
The number A (k is number of distinct primes) of all distinct fuzzy subgroups of Ds s;

A:%[10+(4x2)+6+6+6]:6

Observe that k = 1 from the above example.

4.2.2 Case where n is a product of two distinct primes

In a similar manner we can establish a bijective correspondence between the number of DFS
of Dzn,where n is a product of two distinct primes, that is D and |Fixc(f2,0)|. Observe that

for D, . bep,)  Such  that
Fix(f,,) ={Hg, H H, HX HP HX™ HPP H}, and |Fixc(f20)| = 26. This value

also corresponds to the number of DFS of D

2pp;
there  exists an element f0  €Aut(D.

Lmp,+ 1NIS shows that there is a bijective
12

correspondence between the number of DFS of D
number of DFS of D

two distinct primes.

To illustrate this case, we consider the following example. Suppose p1 = 5, p. = 3 that is
Daxsx3 = D3o. The order of the automorphism group of Ds is given by |Aut(Dso)| = 15 x 8 =
120. Next, we find the subgroups that are fixed by each automorphisms of Dazo.

The subgroups of Dso are given below;

. Hp =€)

. Hy =<a%>,fork=3,5 and 15.

o H, = (a*'h), fork =1,2,3,4,5,6,7,8,9,10,11,12,13,14 and 15
. HS =(a°,a“"'p) fork =1,2,3,4 and 5.

2o, @Nd [Fixe(f20)|. 1t shows that the

2np, INCreases as the number of prime numbers increases from one to
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. H’ =(a®,a*'b) fork =1,2 and 3.

. H.* =(a,by.

The order of the automorphism group of Dso is given by | Aut(Dso) |=15x8=120. Next
we find the subgroups that are fixed by each automorphisms of Dso.

Table 2: Subgroups fixed by Aut(Dso)

a B Fix(f..»)

1 0 {All lattice subgroups of D30}

1 1,2,47.8, {He, HE HS HE HEY

1,13,14

1 3,6,12 {HLHS HS HE HE HY HE HY

1 5,10 {HLHE HE HE HE HE HS HE HE HY
2,8,14 0 {Ho, H3 H HE HE HY HY H
28,14 1,713 {Ha, HE HE HE HE HE HE HEY
2,8,14 2,14,11 {HLHS H HE HE HL HE HSY
2,8,14 3,6,9 {Ha, H3 HE HE HE HL HE H Y
2,8,14 4,137 {H3, HS HE HE HE HL HE HEY
2,814 5 {Ho, Hg Hg He” H® Hyy HE HZY
2,8,14 6,12,3 {Ho, HE HS HE HS® HE HE HY
2,8,14 74,1 {Ho, H3 HE HE HE HY HE HEY
2,8,14 8,11,14 {Ho, H3 H HE HE HY HE HEY
2,8,14 9,3,12 {HLHS HS HE HE HE HE HY
2,8,14 10 {HLHS HS HE HE HL HE HSY
2,8,14 11,2,8, {Ho, H3 H HE HE HE HE HEY
2,8,14 12,9,6 {Ho, H3 HS HE HE H HE HY
2,814 13,15 {Ho, H3 HS HE HE HL HE HEY
2,8,14 14,82 {HLHS HS HE HE HL HE HY
4,713 0,0,0 {HLHS HS HE HS HEL HE HL HE HD HS HSY
4,713 3,6,12 {Ho, H3 HS HE HE HE HL HE HE HE HS HSY
4,713 6,12,9 {Ha, H HS HE HE HL HE HY HE HE HS HSY
4,713 3,6,12 {H, HE HE HE H® HE HE HY
4,713 6,12,9 {Ho. Ho, Hg, Hy H® Hg, HE H}

Table 2 (Continued)
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Table 2 (Continued)

4713 936 H], 3, 3 HE I, HY HG HE HE HE HE HY
47,13 12,93 {H3, Hg, Ho Ho® HI® Hy, HE HE HE HE HE HY
4,4,7,7,13,13 1,11,2,74,14 {Hé,H:,Hg,HéS,HfS,Hé,H;,Hllz,Hf}
4,4,7,7,13,13 2,7,4,14,8,13 {HI H3 HS HI® HE HL HEHL HY
4,47,7,13,13 4,14,8,13,1,11 {Hé,H:,Hg,HéS,HfS,Hé,H;,Hllz,H:}
4,4,7,7,13,13 5,10,5,10,5,10 {HLHE HS HE HE HL HL HE HY
4,477,131 8,13,1,11,2,7 {HLHE HS HE HE HE HY HL HEY
11 0 {Ho Hg Ho Ho* H* HE HE HY Hig, H,
HY H3 HG HL HS HY
11 5 {Ho, Hg Ho Ho® H® H He, Hg Hi,
Hi HY HE HE HE HE HEY
11 10 {Ho Ho, Ho, Ho H® Ha He, H, Hi, Hig,
HEHZ HG HE HS HY
11 14,713 {Hg. Hg Hg HY' H HY}
11 2811,14 {Hg. Hg Hg HY* H° H7}
11 3,6,9,12 {Ho, HS HS HE HE H Y

Now, computing from subgroup lattice from Figure 2, we have the following values:

o | Fix.(f,,) =134
o [Fix.(f,) H Fix.(f,,) = Fix.(f,,) | Fix.(f,,) H Fix.(f,)|
=] Fixg( f1,11) = Fixg( f1,13) = Fix@( f1,14) =12
o [ Fix(Ti5) = Fix, (f6) [H Fix, () [H Fix, (f,1,) = 24
o | Fix; (f.5) [H Fix; (fy,0) =32
o |Fix,(f,0) [H Fix,(f,,) |5 Fix,(,,) |5 Fix,(f,,) I
| Fixc (f,,,) = Fix; (f,5) [H Fixg (f,6) [H Fixs (f,,) =
| Fix@(fz,s) |:| Fix@( f2,9) |:| Fix@( fZ,lO) |:| FiXE( f2,11) |:
| Fix, (£, [ Fix. (f,.5) |2 Fix, (f,.40) 1= Fix, (fy.0) =
| Fix ( F,) [ Fix (£, 1 Fix. () 1 Fix (f,.)
| Fixg(fs,s) =l Fixg( fs,e) =] Fixz( f8,7) = Fixg( fs,s) |=
| Fix@(fs,g) =] Fix@( fs,lo) = Fixg( f8,11) = Fixg( f8,12) =
| Fix@(fs,lg) |:| Fix@( f8,14) |:| Fixg( f14,0) |:| Fix@( f14,1) |:
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I FiXE(fM,Z) |:| FiXE( 1:14,3) |:| Fix@( f14,4) |:| Fix@( f14,5) |=
| FiXE(flzl,G) |:| Fixg(f14,7) |:| Fixg( fl4,8) |:| Fix@( f14,9) |:
| Fixa ( f14,10) = Fix@( f14,11) = Fix@( f14,12) =] Fix@( f14,13) |
=| Fixg( f14,14) |= 26

* | Fixg(fA,o) = Fix@( f4,3) = Fixg( f4,6) =] Fix@( f4,9) =] Fix@( 1E4,12) = Fix@( f7,0) |
= Fixg( f7,3) =] Fix@(fze) = Fix{;( f7,g) = Fixg( f7,12) = Fix@( f13,o) =] Fix@( f13,3) |
=| Fixz( f13,6) = Fixz( f13,9) =] Fixz( f13,12) |=46

o | Fix,(fio) [ Fix.(f,15) IH Fix;(f.10) |= 66

o R (fy,) H Fix, (f, ) [H Fix; (£, ,) 15 Fixg (f,6) H Fix, (£, ) =5 Fixa (f,) =
| Fix, (f410) [ Fix; (F,50) 15 Fix; (£, 15) = Fix, (f,.,) [H Fix, (F,,) |5 Fix (1) |=
| Fix; (f; ) |5 Fix; (f,5) |= Fix; (f, ;) |5 Fix; (f,) [H Fix; (f;,0) H Fix; (f,,,) =
| Fix; (;.15) 1= Fix; (f7,,) 1= Fixe (f1,,) = Fixa (f1,,) = Fixg (f,5) =5 Fix; (f,,) =

| Fixg(fll,e) |=| FiX@( f11,7) |=| Fix@( f11,8) |:| Fix@( f11,9) |:| Fixg( f11,11) |:| FiX@( f11,12) |=
| FiX@(fn,lg) |:| Fix@( 1:11,14) |=| Fix@( f13,1) |:| Fix@( f13,2) |:| Fix@( f13,4) |:| Fixg( f13,5) |:
| Fix; (fi37) = Fixo (fia6) [ Fix; (fi5.0) 19 Fixo (f5,,) (= Fixo (fi5,5) [ Fixo (f,5,,) =16

From the computation above we have that; the number A, of distinct fuzzy subgroups of
D30 with respect to =~ is given by the equality;

A, =$[134+(12><8)+(24><4)+(32><2)+(26><3><15)+(46><3><5)+(16><3><10)

+(66x3) +(16x12)]
=26.

Notice that to obtain f20 € Aut(D,,,, ), we set p, p, # 2 . However, suppose p: = 2 or pz=

2, our result will remain valid since the number of DFS is invariant for any two distinct
primes.

Table 3: The number DFS of D2n for a few number of distinct primes

Group

Do, D2 PP, D2 PLP2 P3 D2 PLP2 P34 D2 PLP2P3P4Ps
A 26 150 1082 9366

k 2 3 4 5

Whenever k = 3, then A= 150, for details, see Olayiwola and Isyaku (2018). Similar procedure also applies for k = 4, 5.
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These numbers correspond to two times the ordered Bell numbers. The ordered Bell numbers
are used to represent the distinct rational preferential arrangement available to a person faced
with k distinguishable decisions allowing indifference, see Gross (1962) and Murali (2006).
These numbers also form a sequence with ID Number A000670 on Online Encyclopedia of
Integer Sequence.

More generally, we conclude that there is bijective correspondence between the number of
DFS of D2, and chains of subgroups of Da, fixed by the element of automorphism group f2,.
Also, the number of DFS of Dy, is invariant with respect to the choice distinct primes.

To establish the recurrence relation for the number of DFS of D, we assume an initial
condition for our recurrence relation. The initial condition specifies the terms before
recurrence relation takes effect. Set Ao = 1 as initial condition. The case k = 1,2 had earlier
been computed, while the case k = 3 was computed by Olayiwola and Isyaku (2018), so A; =
6, A2 = 26 and Az = 150. We can write Ay in terms of ordered Bell number, Bx. These Bell
numbers can be computed in the following manner:

n-1

B, :Z(r)bi with B, =1.

i=0

Table 4: The values of A«is presented in a Pascal like triangle as follows:

2 2 1
2 3(3) 3 1
2 13(4) 3(6) 4 1
2 75(5) 13(10) 3(10) 5 1
2 541(6) 75(15) 13(20) 3(15) 6 1

The first and last entry in each row are fixed, they are 2 and 1 respectively. Entries in brackets
are consistent with the entries obtained in classical Pascal triangle. Entries multiplying the
brackets on the second column of each row are obtained by adding only the entries of the
preceding row without the fixed 2. For example, the first row is A;and we have 3= (2 + 1) =
3. Also, the second row A, we have 13 = 3(3) + 3 + 1 = 13. We can now compute A; =2 X (2
+1)=6, A,=2 x[3(3) + 3 + 1] = 26. The following lemma gives the relationship between Ax
and Bx. We state without proof as the proof is straightforward.

Lemma 4.3. The number of distinct fuzzy subgroups of D2y, is given by Ax= 2Bx+1. Ao=1 and
k>1.

4.3.1 Exponential Generating Function for Ax

In what follows, we derive the exponential generating function for Ay.
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Theorem 4.4. The exponential generating function of A, =2B, ,; is

28" —(2—-¢")?
A= (2—e¥)?

Proof: According to Trojovsky (2006), the exponential generating function for By is given by

1
BE(X):ﬁ- If Be(x) is exponential generating function of a sequence By, then the

X

: e
derivative of Be(x), that is Bg (X) :m gives the exponential generating function of
Bk+1, see Wilf (1994). Let

Zw:bkﬂ k
(2- e) k!

k=0

then

—e

i K!
X o0
e 2bk+1 v

T ke

But Ax= 2By+1, thus

(2—eeX)2 =b°+%kz_;%xk
But

1$a, lga, 1

24k T4k T
Thus,

(2-e")’

Recall that, bo= 1 = ag, hence
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then we have

e .1 Z gL

(2- e) 2 k! 2
and finally,

2ex—(2—ex)2_iixkl

(2-€) Sk
Hence the generating function for Axis

2 3 4
—(2-e) | o, 26X 150X 1082

(2—-¢")? 2! 3! 4 -

AE()—

k
X
The k-th term of Ay are the coefficients of F in the expansion above.

5. Conclusion

For DFS of dihedral group D2, where n is a product of finite distinct number of prime

number, we have established the following results:

o The number of DFS of Da, is invariant with respect to the choice of distinct primes but
varies with respect to the number of distinct primes.

o Counting DFS of D2, has been sufficiently reduced to counting the chains of subgroups
fixed by f2,.

o The number of DFS of D2, can be computed from the recurrence relation Ax = 2By+1
with Ag=1.

. The generating function for DFS of Dy, is given by

2" —(2—¢%)?
(2-e")’

We hope that this results will serve as a motivation towards establishing some explicit and
more efficient formulas for counting DFS of other well known finite groups.

A (X) =
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