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Abstract
In this paper, we consider a nonlinear wave equation having nonlinear source 

and boundary damping terms

Utt — div |jVw|^Vw-|- (1 -\- |Vwf |r)VwfJ =  g(x,u) in (0 ,°°)x£2

w =  0 on [0 ,<*>]xro

|V « |r |“ +  (t +  \V u ,n  ^  + f(x ,u t ) =  0 on [O ,oo]xri

u(x,0) =  uo, ut (x,Q) =  ui, on SI

and obtain blow up results under certain polynomial growth conditions on y, r, m 
and p, where the polynomial growth order of the nonlinear functions g and /  are 
p  +  1 and to + 1  respectively. We obtain the blow up result using the perturbed 
energy technique.

Keywords: Non-linear boundary damping, Non-linear source, Positive initial en­
ergy, Potential well, Blow up.
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1 Introduction
We are concerned with blow up of solutions to nonlinear wave equations of the form

u,t -  div |j Vu\yVu +  (1 + 1 Vu,\r)Vu,j =  g(x, u) in (0 , o°) x

w =  0 on [0 ,°°] x r 0

lv “ lr | ^  +  (1 +  I V u /D  + f(x ,u t) =  0

.u (x ,0) =  uq, ut(x,0) =  u\,

on [0 , o°] x  Ti 

on SI,

(1. 1)
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where Cl is a bounded domain in M" with a smooth boundary dCl =  T such that T =  Tq UT] and 
satisfying To n T j = 0  and X„ i (ro) >  0 ( where A„_i denotes the (n-1) dimensional Lebesgue 
measure on dCl). The derivative is the unit outward normal derivative to T.

Equations of the form (1.1) arise in the study of nonlinear wave equations describing the 
motion of a viscoelastic solid made up of materials o f the rate type. There is an extensive 
literature on blow up of solutions of non-linear wave equations having negative initial energy 
and of the form

{utt — Aut — div[|Vw|l'VK +  |Vwr|''VMrl +  \ut \mut =  \u\pu x e C l, t >  0
(1.2)

u(jc,f)|jn =  0 , t > 0  m(x,0 ) = « o> ut(x , 0 )  =  ui, x eC l.

Georgiev and Todorova [3] considered global existence and blow up of solutions to (1.2) for 
y  =  0, m >  0 and in the absence of the strong damping terms. In considering the relationship 
between m and p, they showed that for m >  p  with negative initial energy, the solution is global in 
time and for p  >  m the solution cannot be global when the initial energy is sufficiently negative. 
Thus extending the result o f Levin [5, 6], where m =  0.

In [18], Yang obtained blow up o f solutions to (1.2) under the condition p  >  max{y,/n} and 
where the blow up time depends on |£2|.

Messaoudi and Said-Houari [10] studied a class o f nonlinear wave equations having the 
form (1.2) but in the absence of the strong damping term and obtained blow up result for p  >  
max{ y,/n} where the blow up result holds regardless o f the size o f Cl. Thus extending the result 
of Yang [18],

Liu and Wang [8] considered a class of wave equations of the form (1.2) and established 
blow up results for certain solutions with non-positive initial energy as well as positive initial 
energy. This further improves the results o f Yang [18] and Messaoudi and Said-Houari [10].

In [14], Piskin investigated the energy decay of solutions for quasi-linear hyperbolic equa­
tions of the form (1.2) with nonlinear damping and source terms and obtained blow up result for 
the case m =  0, using the concavity method. Jeong, et al. [4] considered global nonexistence 
of solutions to a quasi-linear wave equation of the form (1.2) with acoustic boundary conditions 
and satisfying p  >  max{ y,m} and y  >  r.

The author in [12], considered global existence and blow up of positive initial energy so­
lution of a quasilinear wave equation of the form (1.2) with initial boundary conditions and 
nonlinear damping and source terms. The result includes a more general case o f nonlinear wave 
equations which exhibit space dependent y-Laplacian operator and where the nonlinear damping 
and source terms have varying coefficients. He obtained blow up result under polynomial growth 
conditions satisfying p  >  max{y,m} and y  >  r. For other related results, see[9, 13, 16, ?] and 
for a review on recent results regarding global existence, blow up and energy decay of solutions 
to wave equations in bounded domains see [11],

In this paper, we obtain blow up of positive initial energy solution to the boundary value 
problem (1.1), using the perturbed energy method.

2 Preliminaries
In this section, we state some basic assumptions used in this paper. For simplicity, we introduce 
the following notations.

LP(Cl), 1 <  p  <  <*>, the Lebesgue space with norm || • ||p and LP(T\ , 1), the standard IP 
space associated to 2„_i, that is LP{T\) =  LP(rj, 1) and || • Hpj-j =  || • We also denote
by Wk’p (Cl) the Banach space of functions in IP (Cl) with k(k e  N) generalized derivatives and 
consider the Banach space

< ’r+2(n )  =  {u e  w ^ +2(a ) ■. «|r„ =  0 } (2 .1)
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where u|r„ is given in the trace sense, and H/Il^ +2(n ) is the closure of  ̂ ( Q u l o )  with respect 
to the norm of W1,1'+2(£2). Considering the fact that Xn \ (To) is strictly positive, the Poincare 
inequality can be applied to the space

Let K  be the smallest positive constant such that

\\u\\p+2 <K\\Vu\\y+2, (2.2)

for all u e  W ^ +2(Sl), then we have the following embedding

W[!’r+2(fi)  Lp+1(Q) (2.3)

where the constants p, y  satisfy p > y .
We state the following assumptions on the nonlinear functions g and /  representing the 

nonlinear source and boundary damping terms respectively.

(At) g e  C(M), g(-,s)s >  0, and there exist positive constants X\ and such that

W + 1 < | g M | < W +1, (2-4)

where 0 <  p  <  +°° if  n <  y +  2 and 2 <  p  +  2 <  when n >  y +  2

(A2) /  €  C(R), f(-,s )s  >  0, and there exist positive constants p \ and p2 such that

PiM m+1 <  l / M I  <  Pi\Am+\  * e  R (2-5)

where 0 < m <  +=» i f  n <  y + 2  and 2 <  m +  2 <  when n >  y + 2

We define the energy function associated to problem (1.1) by

E(t) :=  ^ IW |2 +  Ja JQ 8 (',y d̂ydx (2'6)

and for the energy function (2.6), we have the following result.

Lemma 2.1. Assume that (A\)-(A2) hold. Let u be a solution of (1.1), then the energy function 
E(t) o f the problem (1.1) is defined by (2.6). In addition, E (t) is non increasing and satisfies

E '( t )= - \\V u t \]̂ - \\V u ,\\rr^ -  L  f(-,u t)u td r  (2.7)
J  M

Moreover, we have
E(t) <  E(0) (2.8)

Proof. By multiplying (1.1) by ut and integrating over £2, we obtain the estimate (2.7) for any 
regular solution. Thus by using density arguments, we get the desired result. □

Now, we define
1 \\U\\P+2p + 2 \ \u Wp+2

\mpYtl
Therefore, we have that

^ N | £ 2 < J U V 4 £ 2 (2 .io )

Also, consider the functional J(u) defined by

/ (“) ;= r i l l l v “ l ln 2 - pT 2 ll“ C 2- (2-n >

and re-express the energy associated to (1.1) as

E(t) = E (u ,u t) :=  \\\u t f  +  Jp(u) (2.12)

Koo :=  sup
,,1,7+2/,0jtuew^+\D)
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where the associated potential energy Jp{u) is defined by

M u) =  Ja J0 s{-,y)dydx,

Then substituting (2.10) in (2.11), we have that (2.12) yields

* « > ^ ||v < ^ W | v < 22

Now, setting
|  =  ||V«||y+2, (2.13)

we obtain
E {t)>

1
y + 2

^ +2 - l 2K ^ P +2 := h ^ ) (2.14)

From (2.14), we have that the first positive zero of the function h'(E, ) (the absolute maximum 
point o f h(E, )) is given by

s -  =
1 p-r

(p +  2)XiK^
(2.15)

It can be verified that for 0 <  |  <  the function h(£,) is increasing and it is decreasing for 
£>(!;«,. The maximum mountain pass level o f J(u) is given by

y+2

* ( W  =  (p +  2) ( y + 2) ( ( p  +  2)A2* J  :=  £ “  (Z16)

Lemma 2.2. The potential well depth E„ is defined by

E „ :=  inf su p /(£u ) >  0 (2.17)
0j=uew^+2(Ci) |> 0

Proof:
For u €  using the fact that j^J(l;u)\s_s, =  0, where

r = « ( « ) =
IIV-II

y+2
y+2
p +  2 
P+2

1
P~7

we obtain

sup/(ij;w) =  /(§ * « )  
S>o

r ( p - r )  i r 1 i g ' l|Vu||^22 '
L(r+2)(p+2)J 1- X 2 (p  +  2) J 1 \\u\\p+2  _ p + 2 » u Wp+2_

thus, from (2.9) we have

inf su p /(£« )
O ^ e w ^ Q )  |> o

r { p - r )  i
L(r+2)(p+2)J

r ( p - r )  i
i(r+2)(P+2)\

2a ( p + 2 )

rb2 
P -Y inf

0^ 6W^+2(£2)

h.Km(p +  2 )

£h2
p- y = £ »

f  l|V»ll£l \  

{ p k M p t l )

7+2
p-r
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Remark 2.1. It can be shown thatE«, as defined in (2.16) is the mountain pass level associated 
to the elliptic problem

—Ayu =  &2 \u\pu in [0 , ° ° ] x £2 

« =  0 , on [0 , » ] x r 0,

=  0 on [0 ,~ ] x T i ,  Ayu =  div(\Vu\YVu)

see [2, ?]. In this case is equal to the number inf sup 7 (£  (f)) where
?eA re[0,1]

A =  { ?  e  C([0, l ] ; < ’r+2(n ))  : ? (0) =  0 , / ( ? ( ! ) )  <  0 }

2.1 Local existence
Theorem 2.1. Suppose that the assumptions (A\)-(A'i) hold. If in addition the following condi­
tions;

||V«o||r+2 < § ~ ,  E(ff)<.Eoo
are satisfied on the initial data, then there exist a unique solution u of (1.1) for any T >  0 such 
that

u e  L“ ([0 ,r];lTI!’r+2(n ) )n L ” ([0 ,r];LP+2(n ))  

e L ” ([0 ,r];L 2(n))n L '-+2([0 , r ] ;wI!{;''+2(n ) )n L m+2([0 ,r ]  x r o  

For similar proofs see [12, 15, 17], hence we omit the proof here

3 Blow-up result
In this section, we shall discuss the blow up property of the solution to (1.1) having positive 
initial energy. To achieve this, we employ the idea o f Georgiev and Todorova [3].

Lemma 3.1. Assume that (Ai )-(A2) hold. Let u be a solution of (1.1) with initial data satisfying

E(0) <  E„ and ||Vuo||r+2 >  V r e [0 ,r )  (3.1)

Then there exists a constant such that

l|Vu||r+ 2 > $ i  for all t e  [0 ,r )  (3.2)

and moreover, the following inequality holds

\\u\\lf2 > ( P +  2)K^ p+1 (3.3)

We omit the proof here to avoid repetition o f ideas, see [12,17] for the proof.

Now, define the function H(t) by

H(t) := E „ -E ( t)

then, from (2.6), (2.8), (2.10) and (3.2), we have

1
-  y + 2  

' y + 2

0 <  H(0) <  H(t) < E „ -  ^ W W u W ^ ll

<  -

l p - r ]

[  j  g{-,y)dydx 
Jci Jo

E°°+ f [ g(-,y)dydx 
Jo. Jo

< ^ ihi £ ! < w i v < £
iP+2

(3.4)

(3.5)
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Moreover, from (2.7) and assumption (A2), the derivative //'( f )  satisfy

H’(t) >  ||V«,||2 +  \\Vut \\;+l +  P l\\ut \\Z tlTl (3.6)

Furthermore, define the function L(t) by

L(t) := H l~p (t) +  n  f  uutdx (3.7)
Jn

where p is a positive constant to be determined later.
Then, we have the following

Theorem 3.1. Let u(x,t) be a solution of the problem (1.1), assume that the conditions of Lemma 
3.1 are satisfied. In addition, suppose that g(u) satisfies

(Bi) In ug(-,u )dx-qJn jQ g(-,y)dydx>ri0 \\u\\ljJ\_l

for positive constants q& (y + 2 ,p + 2 )  and 7]q >  ^ ^ . 2  ^  ■ Then for  0 <  m <  P^ + ^ y ) ^ y ^ 2)2 ̂  ^ 
and 0 <  r <  y, there is a Tmax >  0 such that the solution u(x,t) blows up infinite time.

Proof of Theorem 3.1
Let u be a solution of (1.1), define the function

«(/) =  ^ll«WII2

where t £  [0,7’]. In the presence of the nonlinear boundary damping term, we follow the idea of 
Todorova and Georgiev [3] and define the function as in (3.7) by

L (t) := H l-P (t) +  pa'(t) (3.8)

where pa'(f) is a small perturbation of the function / / ’ p (t) and p  is a small positive constant 
to be determined later. Hence, (3.8) yields,

r y  y + 2 - s ( m  +  2) i y ~ r \
(2(p +  2)’ (m +  2)(y+2) yp +  2 ) ’ (p  +  2)(r +  2 ) i

L(t) =  /7 1 p ( t )+ f i^ J  uut dxJ

for suitable choice o f p satisfying 

0 <  p  <  m in j;

and s <  1, both to be determined later. Then differentiating (3.9), we obtain

l! (t)  =  (1 — p)H~P(t)H'(t) +  p  [  u fd x + f i f  uuttdx
Jn Ja

Furthermore, the use of (1.1) and (3.11) gives

Z/(f) > (1  — p)H ~p (t)H'(t) + p  f  ufdx — p  f  \Vu\?+2dx+ p. f  ug(-,u)dx
Jn Jn Jn

— p  /  VuVutdx — p  /  \Vut \rVutVudx — p  /  f(-,u t)udT
Jsi Jci Jt' i

From (3.4) and the energy identity (2.6), we have that

9 f  [  g(-,y)dydx =  
JciJ 0

<1 \\^\\V ^2 +  q H ( t) -q E„,y + 2 "  ’ ~"Y+2

for 7 + 2  < q  <  p-\-2. Then, using assumption (Z?i), we obtain

# nr7..||7+2f  ug(-,u)dx>  | | |u t ||2 - 
JQ. 2 y +  2 II’?« l+ 2 +  9H (t)~  qE„ +  m H f i l

(3-9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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substituting (3.14) into (3.12), we get

L'(t) > (1  -p )H -P {t)H '{t) +H  [2+?] | k ||2 +  p  [q= ! 0 }]  ||V« | | £ 2

+  M»7oll«llp+2 - / i  f  V u V u tdx-n  j  \Vu,\rVu,'Vudx (3.15)
J  ̂  J Q

— p  f(-,u t)u d r+ p q H (t) — pqE„
J n

Now using (2.15), (2.16) and (3.2), we re-express the third term on the right hand side of (3.15) 
as

A‘ [2i £ i 21]llv < 2

IV11Ir+2
r+2 (3.16)

Likewise using (2.15), (2.16) and (3.3), we re-express the fourth term on the right hand side of 
(3.15) as

11 11P+2 r iirM 0M p +2 =  M 0 l ’1 |f+2 “J l|M|lP+2 '

>  prji||M||^ 2  +  AtI?o«»(p +  2 ) ^ +2

> m i\W \\£ l-
p7Jo(p+2)(r+2) F 

M{p-Y) “

Hp+2

(3.17)

where we set cq =  ^  r̂J “+ ] >  0 and t]i =  tio p 1 ^ 4 "  ] >  0. Then using the
estimate (3.16) and (3.17) in (3.15), we obtain

L ' ( t ) > ( l - p ) / f - P ( 0 / / , ( f )+ A i[2f ?]||«r ||2 +  Ata1||Vu||’;+2 +  p7?1||u| | ^ 2

— jU f  VuVutdx — p  [  \Vut \rVutVudx — p  f  f(-,u t)udT 
J £2 J £1 JY1

Moreover

[g—(r+2)] Lp+2] j7 ,
P-y  +

ho(t>+2)(r+2)
foip-f) Eoo — qEm

{rlo {p + 2) - A a { p + 2 —q))Eoo> 0

for rjo >  22 p̂+2 ^ ■ Therefore (3.18) reduces to

L '( t)> (l-p )H -P(t)H '( t)  + ̂ [ ^ ]  ll^l^ +  p^UVull^2

+  M»7l M lp tl + M H (f) VuVu,dx (3.19)

p  [  \Vut \rVutWudx — p  I f(-,Ut)udT
Jo. Jr 1

For the sixth term on the right hand side of (3.19), using Holder inequality and Young’s 
inequality, we have

J^VuVutdx<  C 2IIVrtfH2IIVM||y+2

< C 2 [^ ||V Mr||i +  C(% )||VM||7+2] ||V M| | | 2
(3.20)
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where C2 =  C2(y,Ci). Thus, using the estimate (3.5), we obtain 

J ^ VuVutdx <83 (X2^ ) p, C2H P(t)HP ^  (0) 11 Vuf 112

+  (A2« Oo)P3C2i / - p3(0)C (% )||V u ||^  (3-21)

< ^ M 3/ / - P ( t ) / /p-P3(0)||V«t ||  ̂+  C (^ )M 3/ / - P ( 0) | |V « | |^

where M3 =  C2 (A2X00)P3, p3 =  2(J+2) and 0 <  p <  p3.
For the second to the last term on the right hand side of (3.19), using Holder inequality, we 

have that

Jn  IVM,rV « (V« dx <  C3 [||V«t | |^ | |V M| |g , ]  ||Vm| | - S  (3.22)

where C3 =  C3 (r, y, Cl) and using Young’s inequality together with (3.5), we have

J^\Vu,\rVu,Vudx<C 3 [S4 1 1 1 1 +  C-(54) 11V «1 1 ||V«||r+̂

<M484H~P (t)HP-P* (0) ||'Vii,\\rr+ l (3.23)

+  C(84)M4H -P (0 )\\V u\\lll

where M4 =  C3 {XiK^)P\ p4 =  (r+j ^ +2) and 0 <  p  <  p4.
To obtain the Lm( r i)  norm of u for the last term on the right hand side o f (3.19), we employ 

the technique used in [?], by first introducing the Sobolev space of fractional order Ws’̂ +2(Cl) 
where 0 <  s <  1 is a parameter to be chosen later. Therefore, using assumption (A2) and Holder 
inequality on T j, we have

L  f(-,u t)udT <  H/(-,«!,)||(IB+2)'J’i H-llm+aX! ^  P2ll«!rllS+Lr1 ll*ll»+-2^ i (3-24)

and using the embedding (see [1, Theorem 5.8 ])

ll“ ll/,r1 <

with C =  C(l,s, y, Cl) >  0, that holds for l >  1 and s >  y"2 — "y1 >  0. Then we have,

llMllm+2,r1 ^  Q lkllw w +z^) (3.25)

where C4 =  C4 (m, s , y, Cl) >  0 for 0 <  s <  1, and s >  ^"2 — ^+2. Next, using the interpolation 
(see [7, p. 49]), and Poincare inequalities (see [19]), we obtain

ll“ llw'.rt-2(n) — C5 11m||̂ ,_|_211 Vm||̂ _|_2 (3.26)

for Cs =  Cs(s,y,Cl) >  0. Thus combining (3.25) and (3.26), we have

ll«llm+2,ri <  Cs ll«ll^l|VM|ry+2 (3.27)

where Cg =  C^(C4 ,Cs,m,y,s,Cl). Using Holder inequality, (3.24) and (3.27), we have

f  f ( ; u t)udr
JTi

<  P jQ sIk lK ir -!  ll“ llp+2llv “ llr+2 (3-28)
,  p+2 y+2-y(w+2) , 1    p+2 y+2—f(w+2)

< P 2c 6 ( i w i - + ! , r i ii«n; ; 22 ^ 2 iiv«irr+2)ii«iip; 2'" ,+2 n2
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Thus, using Young’s inequality, we have

[  f(-,u t )udTJTi

<?5 llMr llm+2,ri + C ($ 5 ) llMllp+2
(p+2)(y+2-f(m+2)) 

7+2
p+2 y+2-s(m+2) (3.29)

J ll“ llp+2

Applying Young’s inequality again, we have that for s < r+2
m+2’

J  / ( , u () ^ r < p 2C6 ( 5 5 | |« , | |^ , r i + 5 6C(55)l|V « ||^ 2

a-s-fn+211r+2̂ (”+2) (3.30)
+ C(65)C(^)||«||^)||«||J,+2 ^

and for (1 -  s -  (p +  2)) ^ 2)(y+2)) < 0 ,  w e h a v e s <  ( £ j 3 ) ( £ = |) .  Therefore, using the esti­
mate (3.5), we obtain

f  f(;u ,)u dT  <P2M5 8sHP {0)H-P (t) 11 ut WlX\v} +P2M556C(55) ^ p (0)||Vu| | ^

+ p 2M5C{55)C{86)H-P{0)\\u\\ppf 2

(3.31)

where we set M5 =  C6 z ) Ps, p5 =  -  ( i + | )  and 0 <  p <  p5.
For m >  0, since

y + 2< < 1 
m +  2

r p - m \
( 7+2)V 771 +  2 / \ p - y )

It is enough to verify that m <  p  and

n n — 1 
y + 2  tti+2 < s < f P ~ m \ P + 2 1Vm +  2 / \ p - y )

eives 0 < m <  ĈY+2)2+(p-r)[r(«-l)-2] gives 0 <  m <  „0>-r)+(r+2y  ‘
Hence, we choose p €  (0 ,min{p3,p4,p5}) such that the inequalities (3.21), (3.23) and 

(3.31) are satisfied. Now, substituting the estimates (3.21), (3.23) and (3.31) into (3.19), we 
obtain

L'(t) >(1 -p)H'{t)H~P{t) + p [ ^ \  \\ut \\2 - p 8 iM 3H-P(t)HP-P^(0)\\Vut \\2

-  flC(5i)M3H -P (0)||Vi.||£* -  pS5M5p2H-P(t)HP~P^\\ut ||£+2ri 

- p ^ p 2C(55)M5//-p(0 ) ||V u ||^ -p p 2C(55)C(^)M5H -p(0 )||u ||^

-  p84M4HP-P< (0)H~P (t) ||Vut\\r+2 -  pC(84)M4H~P(0) || V « ||£2

+  p a l \\Vu\\%l +  pT] l\\u\\pp+ l +  M H(t)

Moreover, using the estimate (3.6), we obtain

L'(t) >  [ ( l - p ) - p 8 3M3HP-P>(0)]H-P(t)\\Vut \\2 

+  [(1 -  p ) -  p 84M4HP~P4 (0)] H~P(t) ||Vut\\r+l 
+  [ p i ( l - p ) - p % M 5 p 2Hp- f t ] / r p ( 0 | | u , | | ^ r i + p [ ^ ] | | « , | | 2 

+  p [a i  -  [C(53)M3 +  C(84)M4 +  ^ p 2C(55)M5]H~P(0)] ||V«||£j;2 

+  p [t]i - p 2C(55)C (^)M 5H - p (0)] \\u\\ppf 2 +  pqH{t)
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Therefore, assume p  in (3.32) to be small enough such that

(1 - p ) -  n&iM iHP-*  (0) > 0 , (1 -  p ) -  pS4M4ffp“P4(0) >  0

and p i { l - p ) - n 8 5M5p2HP-Ps{0 )> 0 .

Then, using (3.33) and choosing S;(i =  3 ,..., 6) small enough such that rji >  p2C(8s)C(8s)MsH~P (0) 
and a\ >  Q c (5 j)M3 +  C(<54)M4 +  8^p2C(8s)Ms\H  p (0)^. Then, we have that there exist a 
positive constant C7 such that (3.32) yields

L'(t) > p C 7 {\\ut \\2 +  \\Vu\\%_l+H(t)) (3.34)

where C7 :=  minj<p , Afg, [a\ —M7] J ,  where Mg =  \r]l -  p2C(8s)C(Sf,)M^H p (0)] and 

M7 =  [C($3)M3 + C (S4)M4 +  5gp2C(55)M5]H _ p (0) . Therefore, choosing

L(0) =  7?1~p (0) +  p  [  uou\dx> 0  
Jci

then from (3.34), we have that L(t) is an increasing function for t >  0, satisfying

L(t) >  L(0) >  0 V f> 0 .

On the other hand, we have

L 1 p (t) < 2 l e \^H(t) +  p 1 p Utudx'j j  

Now, using Holder inequality, we get

|j f  Kwtrfx| <C%\\u\\p+2 \\ut \\2 <KC%\\Vu\\y+2 \\ut \\2 

where C% = Cg(p,£l). Then by Young’s inequality, we have

(3.35)

1 p <  C9 p|VM||̂ ,+2 +  llMr l l 1_,>] (3.36)

where C9 =  Cg(Cg,K,a>,6 ,p )  and where ^ +  g =  1. Now choosing 0 =  2(1 — p) and setting 

I=p =  ]_22p ^ 7+ 2> so that P < 2(7+2) > (3-36) yields

uujdxj1 p < C 9 p |V « ||^ 2 _ (3.37)

Combining the choice o f p in (3.37), with the previous choices, we choose 0 <  p <  m in{p3, p4, P5, 2(7+2)}  • 
Thus, from (3.35) and (3.37), we have

^ W < c 10[ l k l l 2 + l| v « | | ^ + f f ( o ] (3.38)

where C10 =  Cio(Cg,p,p). Therefore, using the estimates (3.34) and (3.38), we have that there 
exist a positive constant C\\ =  C \\(p,C -j,C10) such that

L'(t) >  CjiL '-p (t) V f>  0.

1
Dividing both sides o f (3.39) by L l-t> (t ) and applying a simple integration gives

(3.39)

L ^ ( t ) >  [l " A ( 0) - C 11t* p *]
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Thus L(t) blow up in time

T* <  [Cn j^p]_1L i-p (0)

Remark 3.1. When the nonlinear terms take the form; f(x ,s) =  c(x)\s\ms and g(x,s) =  d(x)\s\p s, 
where c £  C °(r i)  and d  £  C°(£2) are smooth and bounded functions with positive values, the 
results of Theorem 3.1 hold provided

Pi <  c(x) <  P2 and X\ <  d(x) <  Xq,
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