Transactions ofthe Nigerian Association ofMathematical Physics
Volume 16, (July—Sept. 2021 Issue), ppl29 —140
©Trans. ofNAMP

On Blow Up of Positive Initial Energy Solution
of a Nonlinear Wave Equation with Nonlinear
Source and Boundary Damping Terms

Paul A. Ogbiyelel and Peter O. Arawomo2

1,2Department of Mathematics, University of Ibadan, Nigeria
1paulogbiyele@yahoo.com, 2po.arawomo@ui.edu.ng

Abstract

In this paper, we consider a nonlinear wave equation having nonlinear source
and boundary damping terms

utt —div [jVw|*Vw-|- (1 - [Vwf|r)Vwfd = g(x,u) in (0,°°)x£2
w= 0 on [,<*>]xro
IV «lr]“+ (t+ \Wu,n” +f(x,ut)=0 on [O,00]xri

u(x,0) = uo, ut(x,Q) = ui, on Sl

and obtain blow up results under certain polynomial growth conditions on Yy, r, m
and p, where the polynomial growth order of the nonlinear functions g and/ are
p+ 1and wo+1 respectively. We obtain the blow up result using the perturbed
energy technique.

Keywords: Non-linear boundary damping, Non-linear source, Positive initial en-
ergy, Potential well, Blow up.
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1 Introduction

We are concerned with blow up of solutions to nonlinear wave equations of the form

ut- div|jVulyWu+ (1 + NMu\r)Vu,j = g(x, u) in  (0,0°) x
w= 0 on [,°]xro0
Ly
Iv“Ir|~ + (L+ Mu/D +f(x,ut)= 0 on [0,07xTi
.u(x,0) = uq, ut(x,0) = u\, on SI,
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where Cl is a bounded domain in M with a smooth boundary dCl = T such that T= TqUT] and
satisfying TonTj =0 and X,, i(ro) > 0 (where A,,_i denotes the (n-1) dimensional Lebesgue
measure on dClI). The derivative is the unit outward normal derivative to T.

Equations of the form (1.1) arise in the study of nonlinear wave equations describing the
motion of a viscoelastic solid made up of materials of the rate type. There is an extensive
literature on blow up of solutions of non-linear wave equations having negative initial energy
and of the form

—Aut —div[[Vw|I'VK + |Vwr|["VMrl + \ut\mut = \uljpu xeClI, t> 0 .2
(@)

(je,fljn=0, t>0 m(x,0) = « o> ut(x,0) = ui, xeCl.

Georgiev and Todorova [3] considered global existence and blow up of solutions to (1.2) for
y= 0, m > 0 and in the absence of the strong damping terms. In considering the relationship
between m and p, they showed that for m > p with negative initial energy, the solution is global in
time and for p > m the solution cannot be global when the initial energy is sufficiently negative.
Thus extending the result of Levin [5, 6], where m = 0.

In [18], Yang obtained blow up of solutions to (1.2) under the condition p > max{y,/n} and
where the blow up time depends on |E2].

Messaoudi and Said-Houari [10] studied a class of nonlinear wave equations having the
form (1.2) but in the absence of the strong damping term and obtained blow up result for p >
max{y,/n} where the blow up result holds regardless of the size of Cl. Thus extending the result
of Yang [18],

Liu and Wang [8] considered a class of wave equations of the form (1.2) and established
blow up results for certain solutions with non-positive initial energy as well as positive initial
energy. This further improves the results of Yang [18] and Messaoudi and Said-Houari [10].

In [14], Piskin investigated the energy decay of solutions for quasi-linear hyperbolic equa-
tions of the form (1.2) with nonlinear damping and source terms and obtained blow up result for
the case m = 0, using the concavity method. Jeong, et al. [4] considered global nonexistence
of solutions to a quasi-linear wave equation of the form (1.2) with acoustic boundary conditions
and satisfying p > max{y,m} andy > r.

The author in [12], considered global existence and blow up of positive initial energy so-
lution of a quasilinear wave equation of the form (1.2) with initial boundary conditions and
nonlinear damping and source terms. The result includes a more general case of nonlinear wave
equations which exhibit space dependent y-Laplacian operator and where the nonlinear damping
and source terms have varying coefficients. He obtained blow up result under polynomial growth
conditions satisfying p > max{y,m} and y > r. For other related results, see[9, 13, 16, ?] and
for a review on recent results regarding global existence, blow up and energy decay of solutions
to wave equations in bounded domains see [11],

In this paper, we obtain blow up of positive initial energy solution to the boundary value
problem (1.1), using the perturbed energy method.

2 Preliminaries

In this section, we state some basic assumptions used in this paper. For simplicity, we introduce
the following notations.

LP(Cl), 1 < p < <5 the Lebesgue space with norm | «||p and LP(T\,1), the standard IP
space associated to 2,,_i, thatis LP{T\) = LP(rj, 1) and || *Hpj-j = | We also denote
by Wk (Cl) the Banach space of functions in IP (Cl) with k(k e N) generalized derivatives and
consider the Banach space

< r+2(n) = {uew ™ +2(a) mr,,= 0} (2.1)
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where ulr,, is given in the trace sense, and HII™*+2(n) is the closure of ~ (Q ulo) with respect
to the norm of W11+2(£2). Considering the fact that Xn \(To) is strictly positive, the Poincare

inequality can be applied to the space
Let K be the smallest positive constant such that

W\\p+2 <KWV ully+2, (2.2)

for all ue W ~ +2(Sl), then we have the following embedding

Wrr+2(fi)  Lp+1(Q) (2.3)

where the constants p, y satisfyp>y.
We state the following assumptions on the nonlinear functions g and / representing the
nonlinear source and boundary damping terms respectively.

(At) ge C(M), g(-,8)s > 0, and there exist positive constants X\ and  such that
W +1< g M |[<W +1, (2-4)
where0 < p < +°°ifn<y+2and2<p+2< whenn>y+ 2
(A2) | € C(R), f(-,5)s > 0, and there exist positive constants p\ and p2 such that
PiMm+l1 < I/M I < PNAmM+\ *e R (2-5)

where0 <m < +=»ifn<y+2 and2< m+ 2< whenn>y+2

We define the energy function associated to problem (1.1) by

E(t) := "MW |2+ Ja JQ 8(',y/dydx (2'6)
and for the energy function (2.6), we have the following result.

Lemma 2.1. Assume that (A\)-(A2) hold. Let u be a solution of (1.1), then the energyfunction
E(t) ofthe problem (1.1) is defined by (2.6). In addition, E(t) is non increasing and satisfies

E'(t)=-\Vut\p-\Wu,\\r* - L f(-,ut)utdr (2.7)
IM

Moreover, we have
E(t) < E(0) (2.8)

Proof. By multiplying (1.1) by ut and integrating over £2, we obtain the estimate (2.7) for any
regular solution. Thus by using density arguments, we get the desired result. O

Now, we define

1, WP+
Koo = sup p+2\\\u \k/p+§ 2.9)
Ojtuewk ) \mm
Therefore, we have that
NN |£ 2<JUV4E2 (2.i0)
Also, consider the functional J(u) defined by
[ ()= rilllv“lin2- pT 21“C 2- (2-n >
and re-express the energy associated to (1.1) as
E(t) =E(u,ut) := \Wutf + Jp(u) (2.12)
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where the associated potential energy Jp{u) is defined by

M u) = Ja JO s{-,y)dydx,

Then substituting (2.10) in (2.11), we have that (2.12) yields

* « > N lve AW v < 2
Now, setting
[ = [IV]ly+2, (2.13)
we obtain L
E{t)> N +2- | 2KAP+2:=h" 2.14
0>, ) (214)

From (2.14), we have that the first positive zero of the function h'(E)) (the absolute maximum
point of h(E,)) is given by

! -l (2.15)
S5 (pt DXiKA '
It can be verified that for 0 < | < the function h(£,) is increasing and it is decreasing for
£>(!;«,. The maximum mountain pass level of J(u) is given by
y+2
(W = (p+2)(y+2) ((p + 2)A2* J =ET (216)
Lemma 2.2. Thepotential well depth E,, is defined by
E,:= inf sup/(f£u) > 0 (2.17)
Oj=uew™+2(@) |>0
Proof:
Foru€ using the fact that j*J(l;u)\s_s, = 0, where
+2 7
IIV-II¥+2
r =«(«)= p+2
P+2
we obtain

N ) i ig ~lvulrz’
sup/(ij;w) = /(8*« r(e-r ir 1 g
PLEW = TG | (r+2)(p+2)) 2o + 2)] Ry
thus, from (2.9) we have
inf sup/(£«)
OoOrew”™Q) [|>0
f 2
p-r
rL( {5).([‘) 2)J| ( ) P-y inf IlV))”£I \
r+ p+ 2a(p+2 0" BWAR2() KMoptl
o - {pkMptl)
r p-r i —fy
i(r+2)(P+2)\ hkm(p+2) PY=F
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Remark 2.1. It can be shown thatE, as defined in (2.16) is the mountain pass level associated
to the elliptic problem

—Ayu = &\W\pu in ,°°Ix£
«=0, on P,»]xro0,

=0 on [,~]xTi, Ayu = div(\Vu\YVu)

see [2, ?]. In this case is equal to the number inf sup 7(£ (f)) where
?eAre[0,1]

A= {2 e C([0,1]; < r+2(n)) : 2(0) = 0, /(?(1)) < 0}

2.1 Local existence

Theorem 2.1. Suppose that the assumptions (A\)-(A'i) hold. 1fin addition thefollowing condi-
tions;
[[V«ol|r+2 <§~, E(ff)<.Eoo

are satisfied on the initial data, then there exist a unique solution u of (1.1)for any T > 0 such
that

ue L“(0,r];ITI’r+2(n))nL " ([0,r];LP+2(n))
eL”([0,r];L2(n))nL"-+2([0,r];wWI¥"+2(n))nL m+2([0,r] X r o

For similarproofs see [12, 15, 17], hence we omit the proofhere

3 Blow-up result

In this section, we shall discuss the blow up property of the solution to (1.1) having positive
initial energy. To achieve this, we employ the idea of Georgiev and Todorova [3].

Lemma 3.1. Assume that (Ai)-(A2) hold. Let ube a solution of (1.1) with initial data satisfying

E(0) <E,, and [|Vuo|r+2 > Vre[0,r) (3.1)
Then there exists a constant such that
IIVullr+2>$i forall te [0,r) (3.2)

and moreover, thefollowing inequality holds
WulWIf2 > (P+ 2)KA p+1 (3.3)

We omit the proof here to avoid repetition of ideas, see [12,17] for the proof.

Now, define the function H(t) by
H(t) :=E..-E(1) (3.4)

then, from (2.6), (2.8), (2.10) and (3.2), we have

1 .
0<H(0) <H() <E,- y\-(-VZWUW I Jci jo g{-.y)dydx

‘y+2 oo -
< o e L ocyae @5)

iP+2
< N jhifEl<w iv < £
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Moreover, from (2.7) and assumption (A2), the derivative //*(f) satisfy
H’(t) > [[V«,||2+ Wut\\;+1+ P INut\\Z t1 Tl (3.6)

Furthermore, define the function L(t) by
L(t) :=HI~p(t) +n Jf uutdx 3.7)
n

where p is a positive constant to be determined later.
Then, we have the following

Theorem 3.1. Letu(x,t) be a solution ofthe problem (1.1), assume that the conditions ofLemma
3.1 are satisfied. In addition, suppose that g(u) satisfies

(Bi) Inug(-,u)dx-qJnjQg(-,y)dydx>rioW\Jd_I
forpositive constants q& (y+2,p+2) and7g> ~~.2 ~mThenfor0< m< PX+ Ay )AyA22n A

and 0 < r <y, there isa Trex > 0 such that the solution u(x,t) blows up infinite time.

Proof of Theorem 3.1

Let ube a solution of (1.1), define the function

«(f) = MIkWI12

wheret £ [0,7°]. In the presence of the nonlinear boundary damping term, we follow the idea of
Todorova and Georgiev [3] and define the function as in (3.7) by

L(t):=HI-P(t) + pa'(t) (3.8)

where pa'(f) is a small perturbation of the function //* p(t) and p is a small positive constant
to be determined later. Hence, (3.8) yields,

L(ty = /71 p(t)+fi*J uutdxd (3-9)

for suitable choice of p satisfying

0<p<min, ) y*r2-s(m +2) i y~r (3.10)
2(p+2) M+2)(y+2) ype2) p+2)(r+2)i '
and s < 1, both to be determined later. Then differentiating (3.9), we obtain
1(t) = 1 —p)H~P(t)H"(t) + p} ufdx+fi f uuttdx (3.11)
n Ja
Furthermore, the use of (1.1) and (3.11) gives
ZI(f) >(1 —p)H~p(t)H'(t) +p f ufdx—p f \Wu\?+2dx+p. f ug(-,u)dx
Jn Jn Jn (3.12)
—p / VuVutdx —p / \Vut\WrVutVudx—p / f(-,ut)udT
Jsi Jci Jt'i
From (3.4) and the energy identity (2.6), we have that
- = 4 \Anya -
ngciJD g(-,y)dydx = y+2,,\\,l\,\<(+%+ gH (t)-qE,, (3.13)
for 7+2 <q < p-\-2. Then, using assumption (Z?i), we obtain
# 7.)|7+2
JleJQI('JJ)dX> ylu t2- y+ 23 9H ()~ gE,,+ m H fil (3.14)
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substituting (3.14) into (3.12), we get
L'(t) >(1 -p)H-P{H{t) +H [2+?] |k |2+ p [= 1O }] |IV«[|£2
+ Mboll«llp+2 - /i Jf,\ VuVutdx-nJ'b \Wu\rVu,'Vudx (3.15)
- f(-,ut)udr+pgH () —gE,

Now using (2.15), (2.16) and (3.2), we re-express the third term on the right hand side of (3.15)
as

A[2iEi21]llv< 2
y+2
[%z] vl 13 (3.16)

1

Likewise using (2.15), (2.16) and (3.3), we re-express the fourth term on the right hand side of
(3.15) as

P+ riir
Mo B =M A2« pppaa- Hp+2
> prji||M|[~ 2 + Al?0a»(p+ 2) " +2 (3.17)
7Jo(p+2)(r+2) F
>miwgl- PR
where we setcq = AMJ“+ ] > 0and t]i = tiop174™ ] > 0. Then using the

estimate (3.16) and (3.17) in (3.15), we obtain

L (t)> (1-p)/f-P (O/1,(f)+ Ai[2f 2]|j«r[2+ Atal|[Vul|+2+ p72L||u||~ 2

—ju f VuVutdx \Wut\rVutVudx f f(-,ut)udT
! Je —pJE _pJYl ( )

Moreover

[o—r+20+2] 7, ho(t+2)(r+2)
Py . +  foip-f) Foo—qEm

{rlo{p+2)-Aa{p+2—q))E00>0
for rjo > 227p+2 ™ wTherefore (3.18) reduces to
L'()>(1-p)H-P()H'(t) +~ [~ ] NN+ prUVULIN2
+ MM Iptl + M H (f) VuVu,dx (3.19)
p Jo \Vut\rVuthdx—pJI[ 1f(-,Ut)udT

For the sixth term on the right hand side of (3.19), using Holder inequality and Young’s
inequality, we have

vuvutdx< CANHHAVM 2
(3.20)
<C2[MIVMi|i + C(%)IIVM[7T+2]|IVM || 2
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where C2 = C2(y,Ci). Thus, using the estimate (3.5), we obtain

JAVuVutdx <83 (X2° ) p,C2H P()HP ~ (0) IVuf I
+ (A2« @)P3C2i /- p3(0)C (% )[|V u || (3-21)

<AM 3//-P (t)//p-P3(0)|[V<t|A+ C(M)MI/-P (0)[|V « ||~

where M3 = C2(A2X0)P3, p3= 2(J+2) and0 < p < p3.
For the second to the last term on the right hand side of (3.19), using Holder inequality, we
have that

In IVMrV « (Ve dx < C3[|IV<t|A ||V Mlg,] IVm]|- S (3.22)
where C3 = C3(r,y, Cl) and using Young’s inequality together with (3.5), we have

IMNVUu\rVu,Vudx<C3[$41 1 1 1 + C-(B4) IW«l 1 [|V«||r+
<M484H~P (t)HP-P* (0) |'Vii,\r+1 (3.23)
+ C(84)M4H -P (0)\\V u\\llI

where M4 = C3{XiK™)P\ p4= (r+j”~ +2) and0 < p < p4.

To obtain the Lm(ri) norm of u for the last term on the right hand side of (3.19), we employ
the technique used in [?], by first introducing the Sobolev space of fractional order Ws”+2(Cl)
where 0 < s < 1is a parameter to be chosen later. Therefore, using assumption (A2) and Holder
inequality on Tj, we have

L f(-,ut)udT < H/(-,«!,)[[(1B+2)'3T H-llim+ax! ! P2l rlIS+LrLI*I+-27 (3-24)
and using the embedding (see [1, Theorem 5.8 ])
1/, ri<
with C = C(l,s,y,Cl) > 0, that holds for | > 1ands > y"2 —"y1 > 0. Then we have,
IMIm+2,r1~ QIlkllww+z/) (3.25)

where C4 = C4(m,s,y,Cl) > 0for0 < s< 1,ands > "2 —~"+2. Next, using the interpolation
(see [7, p. 49]), and Poincare inequalities (see [19]), we obtain

11 1w".rt-2(n) —C5 P | 20V m|™ | 2 (3.26)
for Cs = Cs(s,y,Cl) > 0. Thus combining (3.25) and (3.26), we have
l<llm+2,ri < CslI«IIN|VM |ry+2 (3.27)

where Cg = C~C4,Cs,m,y,s,Cl). Using Holder inequality, (3.24) and (3.27), we have

J[I_if(;ut)udr

< PjQsIKIKir-! lIlp+2lv “lIr+2 (3-28)

) p+2 y+2-y(w+2) s 1 p+2 y+2—f(w+2)
<P2c6(iwi-+1,riiicn;;2 "2 liv«irr+2)ii«iip; 2" +2 n2
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Thus, using Young’s inequality, we have

j‘l‘i f(-,ut)udT

(p+2)(y+2-f(m+2)) PR yH25MD (3.29)
M Im+2,i +C ($5)IMp+2 " Il

Applying Young’s inequality again, we have that for s < ;;22.

J I(Lu()~r<p2C6(55]||«,||™,ri+56C(55)IV«|~2
a-s-fn+211H2N (") (3.30)

+CEC)I«M«d 42 »

and for (1- s- (p+ 2))N 2)(y+2) <0, wehaves< (£j3)(£=]). Therefore, using the esti-
mate (3.5), we obtain

f f(;u,)udT <P2M58sHP  {0)H-P (t) Tt WIX\v} +P2M556C(55) ~ p (0)||Vu] | *

+ p 2M5C{55)C{86)H-P{0)\\u\\pf 2
(3.31)

wherewe set M5=C6  z)Ps, p5= - (i+]) and0 < p < p5.

Form > 0, since
rp-m\

+2) < y+2 <1
i+ 2/ ([?)/2)) m+ 2
Itis enough to verify thatm < p and

n n—1 fP~m\
y+2 2 7 vm+ 2/ Fp-—'-yz)l

VS B SH S "R DD

Hence, we choose p € (0,min{p3,p4,p5}) such that the inequalities (3.21), (3.23) and
(3.31) are satisfied. Now, substituting the estimates (3.21), (3.23) and (3.31) into (3.19), we
obtain

L'(t) > -p)H{t)H~P{t) +p [\ \Wt\2-p8iM 3H-P(t)HP-P*(0)\\Vut\2
- fIC(5i)M3H-P (0)||Vi.||E* - pSEM5p2H-P(t)HP~PM\ut ||E+2ri
-p 7 p 2C(55M5//-p(0) [V uf|™-pp 2C(55C(")MSH -p(0)||u||*
- p84MAHP-P<(0)H~P (t) || Vut\\r+2 - pC(84)M4H~P(0) |V «||£2
+ pal\\Wu\\%I + pT]I\u\p+1+ M H(t)
Moreover, using the estimate (3.6), we obtain
L'(t) > [(I-p)-p 8 3M3HP-P>(0)]H-P(H)\\Wut\2
+[1- p)- p84M4HP~P4(0)]H~P(t)||Vutv+|
+ [pi(l-p)-p% M 5p2Hp-ft]/rp(0[lu [[* ri+ p [ ]]]«,[]2
+ plai - [C(53)M3+ C(84)M4+ ~ p2C(55)M5]H~P(0)] |[V«|I£j:2

+ p[t]i - p 2C(55)C (*)M5H -p(0)] Wl\pf 2+ pgH{t)

Transactions ofthe Nigerian Association of Mathematical Physics Volume 16,
(July—Sept. 2021),pgl29—140

137



On blow up of positive initial... Ogbiyele and Arawomo Trans, of NAMP

Therefore, assume p in (3.32) to be small enough such that

1-p)- N&IMIHP-*(0)> 0, (1- p)- pS4M4ffp“P4(0) > 0
and pi{l-p)-n 85M5p2HP-Ps{0)>0.

Then, using (3.33) and choosing S;(i = 3,..., 6) small enough such that rji > p2C(8s)C(8s)MsH~P (0)
and a\ > Qc (5j)M3+ C(<B4)M4 + 87p2C(8s)Ms\H p(0)”~. Then, we have that there exist a
positive constant C7 such that (3.32) yields

L'(t) >pC 7 uth2+ \Wuls_I+H (1) (3.34)

where C7 := minj<p , Afg, [a\ —MT7] J, where Mg = \r]l - p2C(8s)C(Sf,)M™H p(0)] and
M7 = [C($3)M3+C(S4)M4 + 5gp2C(55)M5]H _p(0) . Therefore, choosing

L(0) = 7?1~p(0) + p }_uou\dx> 0
Ci
then from (3.34), we have that L(t) is an increasing function for t > 0, satisfying
L(t) >L(0)>0 Vf>0.
On the other hand, we have
Lip@) <2leVHD+ plp Utudx'j | (3.35)
Now, using Holder inequality, we get
[jf Katrfx] <C%\\ul\p+2\t\2 <KC%\\Vully+2\\ut \2

where @o= Cg(p,£l). Then by Young’s inequality, we have

1p < Cop|Wi+2+ IIMI1L] (3.36)

where C9 = Cg(Cg,K,a>,6,p) and where ~ + g = 1. Now choosing 0 = 2(1 —p) and setting
I=p = 1 2p N 7+ 2>sothatP < 2(7+2)> (3-36) yields

uujdxjlp <C9p|V«||~2_ (3.37)

Combining the choice of p in (3.37), with the previous choices, we choose 0 < p < min{p3, p4,P5, 2(7+2)} «
Thus, from (3.35) and (3.37), we have

AW < ¢ 10[Ik 12+ ve] | A+f(o] (3.38)
where C10 = Cio(Cg,p,p). Therefore, using the estimates (3.34) and (3.38), we have that there
exist a positive constant C\\ = C\\(p,C-j,C10) such that

L'(t) > CjiL'-p(t) Vf> 0. (3.39)

1
Dividing both sides of (3.39) by L I4>(t) and applying a simple integration gives

LA(t)> 1" A (0)-C 11t*p*4
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Thus L(t) blow up in time

T* < [Cnjrp]_1L i-p(0)

Remark 3.1. When the nonlinear terms take theform; f(x,s) = c(x)\s\ms and g(x,s) = d(x)\s\ps,
where ¢ £ C°(ri) and d £ C°(£2) are smooth and boundedfunctions with positive values, the
results of Theorem 3.1 holdprovided

Pi < ¢(x) < P2and X\ < d(x) < Xq
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